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Abstract 

It has been shown in the presence of the cosmological constant 
any solution of the Einstein field equations that asymptotically ap¬ 
proaches to the static desitter metric does not correspond to an ob¬ 
server of a comoving frame but it should approach to the deSitter 
metric in the form of Robertson - Walker metric (gr-qc/9812092) . 
Eor the case of Schwarzschild - deSitter its proper form had been de¬ 
rived (gr-qc/9902009) . Here we are going to present our derivations 
for a proper form of the Kerr-deSitter metric. This has been done 
by considering the stationary axially-symmetric spacetime in which 
motion of particle is integrable. That is the Hamilton-Jacobi and 
Klein-Gordon equations are separable. As in the Schwarzschild - de¬ 
Sitter case it does not possess any event horizon without imposing any 
additional conditions .Its intrinsic singularity and surfaces of infinite 
redshifts remains the same as common Kerr solutions. 

PACS: 04.20.Jb , 04.70.Bw , 98.80 Hw 
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1 Introduction 


A Positive cosmological constant can be inferred from the observations of 
high-redshift type la super novae [1-6]. Previously we had shown that the 
static - deSitter metric is not acceptable according to the test of comoving co¬ 
ordinate frame by low magnitude - redshift relations[7]. For the Schwarzschild 
deSitter case the consistent form is [8] : 

ds^ 

P 
Ap 

This is evidently free of any event horizon and surface of inhnite redshift for 
p > O.In the present work we intend to perform similar calculations for the 
case of Kerr space.The generalized Kerr metric in the presence of A which 
asymptotically approaches to the static deSitter metric had been found by 
Carter[9,10]: 

dO'^ 

ds^ = (r^ + a^cos20) +—y+ 

_Ar l + ^cos2 6*_ 

sin^ 6*(1-h ^ cos^ 6*) adt — + a‘^)d(j) ^ 

(r^ -|- cos^ 9 ) 1 + ^ 

dt — a sin^ Odcf) ^ 

(r^ -I- cos^ 9 ) 1 + ^ 

Ar = - + a^) + r'^ — 2Mr + (2) 

3 

We search for the event horizon by looking for the hypersurfaces where 
r = constant becomes null, that is where vanishes. The surfaces of 
inhnite redshift in Kerr solution are given by the condition of vanishing of 
the coefficient qqo- Calculations of the Riemann invariantR°'^^'^Rabcd for the 
Kerr metric , which can be obtained from (2) by substittuting A = 0, reveals 


^dt‘^ — exp(2p —t) - r‘^{d9‘^ + sin^ 9 dcj)'^)] 

V 3 Ap 

exp(^t)r 

1 - 2Mp - + Jip^- 2Mp - ^p^y + 


2 



that it has one intrinsic singularity and it occurs when + cos^ 6 = 0. This 
leads to r = cos 6 = 0 which occurs when [11] 

x'^ + y'^ = , z = 0. (3) 

The surfaces of inhnite redshift of Kerr metric are at 

r = Ts^ = m ± cos^ 6)^ (4) 

and it has two null event horizons if < w? , 

r = r± = m ± {m^ — 0^)2 (5) 

The generalized Kerr metric (2) has an intrinsic singularity as (3) ,and two 
surfaces of inhnite redshift and null event horizon very close to (4) and (5) 
respectively 


r = = m ± [m 


' cos^ 6{1 + sin^ 9 )] 


( 6 ) 


r = r± ^ m ± [m^ — a^(l 



(7) 


There are also an event horizon and surface of inhnite redshift at very far 
distance, r close to ^A/d. 

Derivation of the Kerr metric and the generalized Kerr solution is based 
on a method studying the separability of D’alambertian associated to the 
wave equation and integrability of its geodesic equations[9]. This separability 
depends not only on the geometry but on the particular choice of coordinates 
x°'{a = 0,1, 2, 3) and in terms of chosen coordinates this depends on the form 
of covariant tensor gab dehned by 


= Qabdx'^dx^, 


( 8 ) 


but in a less direct manner than on the form of the contravariant metric 
tensor dehned by the inverse co-form 



= 9 


^ab 


d d 


(9) 


3 


dx°‘ dx^ 



The Klein-Gordon equation can be expressed in terms of the components of 
contravariant metric tensor and the determinant 

g = det{gab) = det(5(“^) ^ (10) 

The Klein-Gordon equation can be expressed in the form 

Standard separability takes place if substitution of wave function by the 
product T = riit/’i of single-variable functions = 0,... ,3) of x\ causes 
the left-hand side of (11) to split up into four independent single-variable 
ordinary differential equations.We are going to use this method for deriving 
our new results. 


2 Derivations 


For the generalized Kerr metric one starts from the co-form 




d 


¥s) - 


A 


M L 


Z- + 0 — 


l2 


+ 


d 


1 


^ A. 


dr 


Ar 


Z- + 0 — 


( 12 ) 


where A^, are functions of p = cos6' and A^, are functions of 

r only, and the form of conformal factor Z remains to be determined. Now 
we are looking for a Kerr solution that asymptotically approaches to (1). It 
is more convenient to work in the coordinate system where p = R{t)r is the 
radial coordinate. Then (1) becomes 
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The determinant of gab for (13) is equal to —that leads to ^/^ = and 
its corresponding form for obtaining the wave equation becomes 


A 

ds 


2 








(14) 


where Ap is the same as given by (13). Being asymptotically consistent with 
(13) and (14), instead of (12) we start with the following form 


ds 


1 

Z 

1 

z 


A, 


A. 


'A' 


+ 


1 


'z- + 0 — 


+ 


P^ + z- + o — 


(15) 


where P = \j fp^ and the others are the same as (12). According to (15) the 
contravariant components of the metric are 


P-iJ- — — 


Qfj 


Qp^ 


A.- 


'7 2 72 

_ zl£— 


g.. = 


gP = 


z 

QfiZfj, 


,9^^ = - 

QpZp 


nPP = 
1 y 




PZ, 

ApZ 


\gP^ = 




PQp 

ApZ 


The determinant of gab corresponding to (16) is 


det(p“') = 


{QpZp — QpZp 


Since (det(p“^)) = det(pafe) = g ,(17) gives 

Z^ 


^9 = 


^pQ ^ ^pQ p\ 


( 16 ) 


(17) 


( 18 ) 


In order to achieve the separability of the Klein-Gordon equation, we must 
impose a restriction on Z so that Z~^p—g to be unity. By considering (18) 
we lead to choose 


Z 


ZpQn — ZnQr 


( 19 ) 
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To complete the separability, the conformal factor Z must split up into the 
sum of two parts each depending only on one variable. This requirement will 
be satisfied if and only if 

dZpdQ^ dZpdQp _^ ( 20 ) 

dp dp dp dp 

Without loss of algebraic generality we may satisfy (20) by taking Q’s to be 
constant. Thus replacing Qp and Qp by constants Cp and Cp respectively, 
we come to the basic separable canonical form for (15) 


ds 


CpZp — CpZp 


CpZp — CpZp 


A / <9 V 1 

^[dpj ^ Ap 


Z- + C — 


n 2 


+ 




d d d 


n 2' 


The covariant metric corresponding to (21) is 


ds^ = {CpZp-CpZp) {^ + 


dp — 


P{C\dt-Z^d<l>) 


n2 ■ 




CpZp — CpZp 


( 21 ) 


{A„(C,* - Z,d^f - A,(C^dt - z^d4>f} (22) 


We may derive the solution corresponding to the cannonical form (22) by 
working in terms of the natural tetrad as follows 


u 


u 


u 


u 


( 1 ) 

( 2 ) 

(3) 

( 0 ) 


CpZp-CpZpY 

A. 


CpZp-CpZp] ^ 


A, 




,CpZp — CpZp ^ 


A, d 


^CpZp — CpZp ^ 


dp — 


P{Cpdt - Zpdcj)) 

CpZp — CpZp 


dp 


{Cpdt — Zpdcf)) 
{Cpdt - Zpd(f)) 


(23) 

(24) 

(25) 

(26) 
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The four unknown functions Zp, Zp, Ap, Ap should be determined in terms 
of Cp, Cp, and P = 

From (23)-(26) we have 


dp 


dp 

dcj) 


CpZp — CpZp 






A 




CpZp — CpZp 




C„a.l3) 


- C,Z^) ^Ap(C^Zp - C,Z^) 


(27) 

(28) 
(29) 


dt 


ZpOO^^'> 


ApiCpZp - CpZp) 




Ap{CpZp-CpZp] 


(30) 


Derivatives of tetrads (or in other words the curl of ca^s), which are 1-forms, 
are themselves 2-forms du^ as follows 


dJ^^ = 




C^ 

2Z 


lA 


V') AcnW- 


P' 


PC,Z' 


PA' 


ZAr 


2ZJZA, 2A,JZA 


pn 7' 

^(3) 


ZjZA, 



cnW Acn® 

(31) 

(32) 


A bJ 


(3) 





bJ 


( 1 ) 


A bJ 


(0) 


C,Z'^ 

2Z 


IA 




Acn(°) + 


(33) 


( 34 ) 
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where primes stand for derivatives with respect to the corresponding variable 
and Z is given by (19). 

By considering (31)-(34) and the first Cartan equation for zero torsion: 

A (35) 

We have computed the 6 connection 1-forms where 

ddfiu ( 36 ) 

and in a basis that is a constant (36) reduces to 


The results are as follows 


^ (0) 


u 


( 1 ) 

( 2 ) 


U 


( 1 ) _ 
(3) 


U 


( 2 ) 

( 0 ) 









2ZjZAr 


= -a; (d) = 


(3) 

2Z 


I I 

^ 2Z,fZA, 


■■U 


( 2 ) _ 



A 


+ 


2ZJZA. 



(38) 


( 39 ) 


( 40 ) 


( 41 ) 



u 


( 2 ) _ 
(3) - 


UJ 


(3) 

( 0 ) 




+ , 

Z 2Z,/ZA 





(42) 


(0) ^ ^ K^(i) 

(3) 2Z \ Z 


2Z \ Z 


2ZJZI\ 


^ " ' ’(3) (43) 


The curvature forms are defined as 


and according to the second Cartan equation we have 


(44) 


9'V = a 


("t) 


(45) 


By computing using (38)-(43)and inserting them in (44),6'^^s are ob¬ 

tained as follows 


9\ = 9\ = 


K _ 

2Z 4ZA, 




V 


c.z'A'p 

2Z2 


2^2 


+ 


3 (c„z;)'' 

4Z3 


u 


( 1 ) 


Aa;(°) + 


/a; 

1 4Z2 VAp 


/A A 


4Z3 







/CpZ 



a;« Ao; 


( 0 ) _ 


2Z2 
^C,Z" 


ApAp 


3^p^;^p^; /a.a 


4Z3 


p^p 


d.<‘)AidW + 


PI -as^./A _ AAgA,/A) ^(0 ) aJ 3) + 


2Z2 V Aa 


4Z3 


- CpZ;a;, ^ 3CpZ;CpZ;Ap - 


4^2 


4Z3 


A, 

a;(2) Aa;(3)_^ 
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CpZ'^ 


/A 


/A 




Ao;®^ 


2Z.[zKr 


A a; 


p'a; 


(3) _ <^p^p 7^ (1) 


a;'"' Aw' 


p-c,z; pc,z; 3 p(c,z;: 

Z2Ap 2Z2Ap 4Z3Ap 


PC,Z'^^', 

2Z2A2 


PA" 3PA' .. 

- - H-^ w'°' A + 

2ZA2 ^ 4A3Z 


p'c,z; /a; 


WC,Z'f,Z'^ /a; 


‘IZ^Z^p 

PC,Z' 

2Z,fzA, 


2ApW 2^Ap 


PCpZ'^^'p 
4A,Z2 ^ 


^ a;(2) Aa;(i) + 









, 2Ap^ZApj 


w« Aw® 


V)Aw( 


PA* 7' 

A w(3) + 



^w(°) + 




2Z.[zK„ 


Cj^Z' 


2ZJZAr 




/A 


V (0) I PP-f^Z^ ^ C/j-Zp 
Z 2Z^p 2Z 





( 2 ) 

2Z \ Z 


2ZjZ^r. 


e\ = 


c,z^ 


CpZ^ 


3{CpZ'^fAp 

4Z3 


w(2)Aw(°) + 
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2Z 


CpZ'^ 

2Z 


IA„ 


A + 

Zj 


a;« - 


+ 


A,A„ + 




Aa;(3) + 


‘iC,Z'f,Z' \ 

4Z3 


Ao;® + 



A u 


(3) 


c'p^; 


/A 




A u 


(0) 


+ 


-3(C,Z; 


/)2p 

pj 


P 

a" 


P L 


4^3 

-KCpZ^ 


c,z;p c,z'p' 


CpZ'^PA- 


2Z2 


2Z2 


4Z2A, 


Aa;(2)^ 


'pfP 


4Z3 


c,z;p c,z'p' 

~r ^ „o 


CpZ'PK 


2Z2 


2Z2 


4Z2A, 


a;W A a;(2) + 


CpZ'^P 



CpZ'^ 

2Z 


%(i)Aa;(2)+ 



A u 


2ZjZAr 


( 2 ) 


+ 


^ (1) , ^/^^p 

Z 2Z 





2ZjZA, 


A 





PA' 


2ZJZA, 2A„JZA 


2Z 


/A 




+ 
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9^ = 



u 


(3) 


A 


( 47 ) 


a;W Aa;« + 



( 0 ) 


A u 




4Z3 


a;«Aa;(2) + 


ry! nr^ 7! 71 


2Z2 


4Z3 


ijj 


(0) 


A uj 


( 2 ) 



PA* 7 ' 

^ ^(2) 


2ZjZA, 


3{c^zyp c,,z'!P^ 


4Z3 


+ 


2^2 


u 


( 0 ) 


A + 


3C^Z'f,Z'^P 

4Z3 




/A 

A 




2ZjZAr 


A' 


2JZA 


+ 




Aa;(3) + 

2Z \ Z 


CpZ'p 

2Z 


IA 




PA* 7' 

^ ^(3) 


C'p^; 


2ZjZAr. 


A w 

Zj 


(0) 
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2Z 


PC,Z'^ 


1 ,,,( 0 ) 




PA' 


2ZjZAr, 2A„JZA 


a;« + 



,(o) _ 

2ZjZA„ 


e\ = 




(48) 


( 1 ) 


3C,Z'^C,Z>^P 


4^3 


lA 

A 


^^(0) 




/A, 


2Z 


IA 




A u 


( 1 ). 


P' 


pc,z; 


PA' 


ZAp 2Z,^A, 2A,,fZA 


pn 7' 

,^(1) A a;(o) - A a;(3) 


'CpZ"^Ap ^ CpZ'^A'^ 


py ^^p/ 
^{CpZ'PAp 


ZJZA, 


2^2 


4Z2 


UJ 


( 1 ) 


P ( CpZ'^Ap CpZ'^A'^ 
Ap \ 2^2 4Z2 


4Z3 
3{CpZ'^rAp 




4Z3 


a;(°) A a;(2) + 



PC,Z'^ 


2ZJZA, 


a;(°)Aa;(2) 


+ 


a;(2)Aa;(3)^ 
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'P'C,Z'^ 



PC.Z'^A'^ 3C,Z>^C,Z>^P\ 

AZ^Ap 4Z3 ) ^ 

PCpZ'^A'^ 3CpZ'^CpZ'^P\ 


Aa;® + 


4Z2A, 


4Z3 




PC,Zl 


ZJ2ZAr 


PCpZ'^ 



,^(2) A ^(3) + ^ 

2Z 





e\ = 



Ao;®^ 


(49) 


A u 


(0) 
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2^2 


4Z2 



(3) 


+ 




Kc,z'?^, 


2Z2 


4Z2 


4Z3 


^(0) /\ ^(3) 







A u 


n 7' 

( 3 ) _ '^P^P 


lA 


Aa;(°) 



P'C.Z’, 

2Z2 


PC.Z'^K 

4Z2A„ 




4Z3 


A a; 


(3) _ 


PC.Z’p 




"a;« Ao; 


( 2 ) 


+ 


pc,z; 


2ZJZA, 


A a; 


( 2 ) 


+ 


^ (1) _ CpZ'^ 

Z 2Z 



PC,Z'^ 


2ZjZAr 


■u 


(3) 


A 


CpZ'^ 

2Z 


PC,Z'^ 


/A, 


a;(°) + 


PA' 


2ZJZAr, 2A„JZA 


2Z 


IA 




+ 



2Z\/Z An 


A 


( 50 ) 
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Aa;(3)_ 


06 _ n2 

U 9 U Q 



, C,Z''A, 

I /-V r-zO I /-V /-TzO I 


2Z2 


, , 3C,Z'^C,Z'^ 


2Z2 




4Z3 


4Z3 





a;(°)Aa;(3) + 



a; 


( 2 ) 


A u 


A 




4^2 


+ 


3C,Z’^C,Z'^ 


4Z3 


a;(2) Aa;(o)^ 

a;« Aa;W- 




+ 


PC,ZIA'^ 

4Z2A2 


3PC,Z'^C,Z'; 

4Z3A. 


u 


(0) 


A a; 


( 1 ) 



^ a;(2) ^ ^(1) ^ 



PC,Z'^ 


PA' 


2ZjZAn 2A,JZA 


u 


( 1 ) 


A u 


( 0 ) 


+ 

Aa;(°) 


.a;(2) Aa;(o) + 
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CpZ'^ 


2Z 



lA 





Z^,( 3 ) 

2ZjZA„ 


+ 


A 


3 Riemann and Ricci Curvature Tensors 

The ”00” componentof the Ricci tensor is equal to 


Rqo — Rnin T Rmn T 


030 


(52) 


According to (45) and (46) and by considering the coefficient of A 
1 


in the 9^q, will be 


pi _ 

-'^010 ~ 






{C.Z'VA, 3{C,Z>fA, 


2Z Z2 
iCpZ'^?A, 
4Z3 


A* 7" A 

^p ’^y^p^pj ^p 

r-rO A r-rO 


2^2 

PP" 2PP'A 


ZA, 


+ 


p2\ii 
p^p^ ^ ^p 

2ZAI 


P^C„Z'A[ 


Z2A2 


ZAl 

P^A'l 

ZAl 


Z^ 

P + p"Cpz; 


4Z3 


2Z2A, 


P\CpZ^ 

Z^A. 


/\2 


P'^ 

ZA, 


+ 


2PP'CpZ'^ 

Z‘^A„ 


(53) 


Ro 2 o conies from the coefficient of A in the 6'^g in (47), 


TDZ _ 

■^020 “ 


CpZ'pA'^ 

4Z2 

Cpz;p^ 

4Z2A. 


CpZ'^Ap 

2^2 


{CpZ'PAp , {CpZ'fP 


2Z3 


+ 


2Z3A, 


CpZ'^PP' CpZ'^P^A'^ CpZ'^A'^ 

A r-r^ \ O 


2Z‘^Ar 


4Z2A2 


4Z2 


(51) 


17 




(54) 


{c,z^ 


'^2A 


P ^ 




4Z3 4Z3 

and the coefficient of A in the 6^^ ,(48) ,gives i?Q 3 Q as 

(C,Z^ 


idS _ 

-^030 “ 


C.Z'^PP' C^Z'^P^A’^ 

I i r-zO A r> 


.yp2 


2Z^A^ 

C,Z'^K 

4Z2 


4Z2A2 

7/\2 


2Z^Ar 


c,z';p^ 

2Z^A„ 


+ 


{C.Z'VA, , {C,Z'YA 


4Z3 


+ 


4Z3 


4Z2 


, {C.Z'SA 


4Z3 


+ 


4Z3 


(55) 


Inserting (53)-(55)in (52) gives 


A" 




c,z;a, 


2^2 


+ 


ic,z, 


'^2A, 


ic,z, 


'^2A, 




'^2A, 


CpZ'^A, 

2^2 

c^z;p‘^ 

2Z2A„ 


2Z2 2Z3 




2Z3 

PP" 2PP'A' 


2Z3 


2Z2 


2Z3 


ZA, 


+ 


ZA2 




4Z2A2 


2ZA2 


ZA3 


P'" PP'CaZ' , , 

+ ^ (56) 


ZA, 


Z2A, 


Next, the ”01” component of Ricci tensor is 


-Roi — -^021 + 


031 


(57) 


where P^ 2 i comes from the A factor of 6“^^. 


r)2 _ 

-^021 “ 


c,z;p ^ {c.z'Y ^ 


2^2 


4Z3 


P ^ iC,Z^ 


M2 p 


4Z3 


(58) 


and Po 33 is equal to the A factor of 9^q 


JDO _ 

■^031 “ 


Cpz;p 

2Z2 


(C',z;)2p {c.z'Y^p 

' i f-jo ' 


4^3 


4Z3 


(59) 


Thus from (57)-(59) Pqi is 


-Roi — 


c,z;p ^ {c.z'Y^ 


Z2 


2Z3 


P ^ ic,z^ 


M2 p 


2Z3 


(60) 
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Ro 2 is equal to 


Ro2 — Rqu + -^032 ( 61 ) 

where RI 12 comes from the A factor of 9^q in (46) and i?Q 32 the 
A factor of in (48). Since both are zero, we have 

Ro2 = 0 (62) 


The ”03” component of Ricci tensor i ?03 is 


Ro3 — -RqIS + -^023 
while i ?033 is the A factor of 9^q in (46) 


^013 — 2^2 




4Z3 




CpZ'^C.Z'^ 

4Z3 


and Ro 23 is the A factor of 6*^0 (47) 

ryn 'VI 'vi 

r .—^— n-nZ;„n-,,,z; 


p2 _ /A A -u ^ P ^ P /A A -u 

-6^023 “ 22’2 \^P^P~^ q^’S a/^o^u + 


‘■p^p 


CpZ'^C.Z'^ 

4Z3 


Putting (64) and (65) in (63) 

R 

-^03 — 2^2 V ^p^p ' 2Z^ ^ ^p^p 
Next diagonal component of Ricci tensor ,”11” ,is 


_ (j 2,” 


Rn = R 


101 


7?i2i + 7?^ 


131 


where 


pU _ 

-^101 “ 


-R\ 


010 


and Rf 2 i comes from the A a;h) factor of 9“^^ in (49) 


ApA^ 


ApA^ 


(63) 

(64) 

(65) 

( 66 ) 

(67) 

( 68 ) 


R 


2 

121 


c,z;a, {c.z'^fA, c,z;a, 

2 Z2 ^ 2Z3 2^2 

CpZ;a; c.z'^pp' {c,z;yp^ 

4Z2 ^ 2Z2Ap 4Z3Ap 

jC.Z'^fP^ 

4Z3A, 


C,Z'A'^ (C.Z'fA, 
4^2 ^ 2Z3 ^ 

CpZ'A'P^ 

4Z2A2 


( 69 ) 
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Rf^i may be obtained by considering the coefficient of A in 9^^ in 
(50) 


c,z';a, 


4^2 2^3 4Z2 


{C.Z'^fA, , (C'pZ;)2A, , C.Z'^PP' {C.Z'^fP^ 


2 Z 2 A, 


4Z3A, 


c,z;a;p2 (C,z;)2p2 
4Z2A2 ^ 4Z3Ap 


Inserting (53) and (68)-(70) in (67) gives 


2Z ^ 2Z2 ^ 

c,z';Ap pp>‘ 
2^2 ^ ZA^ 

p2A'; ^ p^A'^ 
~2ZAl ^ ZA3 


, iC,Z'^?A, 

~r /~w f-zo ~r 


2^3 

2PP'A' 


, iCpZ'^?A, c,z;a, c,z;a; 

^ 2Z3 ^ 2 Z 2 ^ 2^2 

c,z;p2 (c,z;)2p2 c,z;p2a; 

2Z2Ap ^ 2Z^Ap ^ 2Z2A2 


C.Z'^PP' {C,z;fp^ 

Z^Ap 2Z^Ap 


Also we have P 12 = P?o 2 + -^ 132 ; where P°q 2 comes from the 0 ;^°^ factor 

of and Pf 32 from the a;*^3) factor of 9^-^ .Both of these factors are zero 
so we have 

7?i2 = 0 (72) 

The ” 13” component of Ricci tensor is 

Pl3 = Pi03 -^123 ('^3) 

where P^gg is the Aca*^^^ factor of 9^i and P 323 comes from the Aca^^^ 
factor of 9"^ I 


c,z; 


c,z; 



C.Z'pCpZ'p 


[a; CpZ'pCpZ'p 

Ap + 4Z3 



C.Z'pCpZ'p 


[a; CpZ'pCpZ'p 

Ap + 4Z3 




Now from (73)-(75) we simply obtain 


Ri^ = i^,{CpZ; + CpZ';,) 



20 



The other diagonal component is -R 22 : 


R 22 — R%2 + -^ 212 + R 


1-232 


(77) 


Also we know 

-^202 = “-^020 ) -^212 = -^121 ( 78 ) 

The remaining term in (77) is R 232 which can be obtained from the coefficient 
of A in 9^2 from (51) 


po _ 

■^232 “ 


2Z 












2Z2 


Z3 


4Z3 




KC.Z'fP^ , {C.Z'fP^ 


AZ^Ar 


+ 


AZ^A, 


Xp i-Xp 

Putting (54),(69),(78),and (79) in (77) leads to 




'^2A, 


4Z3 


(79) 


R22 — 


CpZ;A, 


2^2 
A'! 


2Z 


+ 


Z2 

{C,Z'RA.. 


c,z';a, 

2Z2 

{C.Z'fP^ 


c,z>K 

2^2 


+ 


{C,Z'?A, 


4Z3 


2^3 


2Z3A, 


C,z;p2 c,z'^pp> 

' /-V r-70 A ' 


2Z^Ar 


Z^A, 


C.Z'^A'^P^ 

2 Z2A2 




/ 'i2 p2 


2Z3A, 


(80) 


Last components of the Ricci tensor remained are R 23 and R 33 . The off- 
diagonal one, R 23 is dehned as 


R23 — R203 + R2 


1-213 


(81) 


in which i ?203 comes from the A factor of 9^2 7?2i3 from the 

A factor of 9^2 -Both of these factors are zero and we have 


R23 — 0 


(82) 


Finally the remaining diagonal component is 


R 33 — R 3 O 3 + 7?313 + R 


313 


^-323 


(83) 


where we have 


pO _ _pO 

-O-303 ~ -O-030 1 


pi _ p3 

-0-313 ~ -0-131 


p2 _ p3 

-O 323 ~ -0232 


( 84 ) 
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Inserting (55),(70),(79),and (84) in (83) we get 


-R 33 — 


2Z3 

2Z2A2 




c,z;a. 


CpZ';A, 


2^2 2Z2 

{C.Z'VA, 


2^2 


2Z 


2Z3 


{C^Z'^YA, 

2Z3 


+ 


(C'^z;)2p2 (C^z;)2p2 


2Z3A, 


2Z3A, 


+ 


iC,Z'^?A, 

2Z3 

c^z';p^ 

2 Z^A, 


+ 


C^Z'pPP' 


It is easily obtained from (56),(71),(80),and (85) that 
-Roo + -Rii = 

and 


■{C,Z'f , {C,Z^ 


+ 




c,z; 


2^3 2Z3 

iC,Z'?A, 



p p _ ' ‘-‘p I 

-K 22 — -K 33 — - ::r^ -r 




2Z3 2^3 Z2 

Einstein vacuum field equation can be written as 


p 


Z2A, 


(85) 


( 86 ) 


(87) 


Rfi, = (88) 

From the ”03” component of the held equations (88), and (66) we can infere 
that Zfj^ and Zp are quadratic functions of jj, and p ,respectively. In applying 
the suitable boundary conditions and in comparison with Carter’s results[12] 
we may choose 


^P 

= A{p^ + a^) 

(89) 

^p 

= Aa{l — p?) 

(90) 

C'p 

= A 

(91) 

c^p 

= aA 

(92) 


where A and a are constants. (89) and (90) imply all of the off-diagonal com¬ 
ponents of the held equations to be satished automatically. Also this leads 
to the vanishing of the right hand side of (86) and (87) which means that 
all the diagonal components of held equations are not independent of each 
other. From the fact that Zp and Zp are quadratic and using (60),(86),(87) 
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in (71) and (78), -Rn and R 22 take the simpler form 


— 


2Z 2Z2 




2^2 


2PP'K 

2A2 

c.z'^pp' ^ c , z ; a ; p 2 


Cj^ 

2Z2A. 


p2A" 

2ZA7 


+ 


Z2 

ZA3 


2Z2 


+ 


P'^ 

Z^r 


R 22 — 


Z^A^ 

C,Z''A, 

2Z2 


2 Z2A2 


CpZ>^K 

2Z2 


CpZ'K 

2Z2 


+ 


C'p^^'A, 


2Z2 


2Z 


C'^z;'p2 ^ c^z'^pp’ 


2Z‘^Ar 


Z‘^Ar 


gp^;A;p2 

2Z2A2 


From (88) we have 


Pii + R 22 — 2A 

Putting (93) and (94) in (95) gives 


a;' 


A( 


+ 


PP" 2PP'A' P^A" P^aC P'" 


+ 


PP" 


(93) 


2Z 2Z ' ZAp ZAl 2ZAp 


+ 


ZAl 


+ 


ZAr 


= 2A 


From (89)-(92) and (19) we have 

Z = A^{p^ + 


(94) 


(95) 


(96) 


(97) 


Multiplying both sides of (96) by (97) gives 

A" A" PP" 2PP'A' P^A" P^A'l P'" 

2 2 A^ A2 2A^ A3 A^ “ 

2AA2(p2 + aV) (98) 


Evidently (98) is separated to two parts ,one a function of /i only and the 
other a single-variable function of p merely.So we can write 


^ + 2Aa^A^p^ = C 
A" PP" 2PP'A' 

_P I _ _ _P 

2 A, A2 


p2A" P‘^A'1 P'^ 

- - H- - H- 

2A, ^ A3 ^ A, 


(99) 

2AAV + C' (100) 
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where C* is a constant to be fixed.On the other hand (99) easily shows that 
has a quartic form.Consistency with the boundary conditions and the 
generalized Kerr metric (2) implies the following form 

A^ = A2(l-/i2) + (101) 

This means that in (99), C is fixed by 

C = (102) 

Using (102) and integrating (100) with respect to p gives 


A' PP' P^A' 

_^ _ _ _|_ _r 

2 A^ 2A2 


2A .2 3 

O 


(A„2 _ ^ ^ 


(103) 


D is another constant of integration that should be fixed. By another in¬ 
tegration of (103) with respect to p and fixing D = —MA^ and the new 
constant of integration by to satisfy the initial conditions we come to 


Ap — — A — — (p^ + <A p^) + p^ — 2Mp + (104) 


It can be noticed that the right-hand side of (104)has the same form of Ap 
for the generalized Kerr metric in (2). Eq. (104) has two solutions 



The acceptable solution for the large distances would be the plus sign. The 
field equations cannot fix A, but by imposing the condition that the variable 
p should asymptotically have the same role as an azimuthal angle, we find 

l + fa2 
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4 Conclusion 

We may summarize our results in the form of line element as 


ds^ = 6) 


de^ 


1 + cos^ 9 


P{1 + ^a?){dt — asirr 6d(j)) 
^ cos^ 9 


A. 


sin^6' 


9l + cos^ 9\ 

adt — (p^ + a^)d(l) 

yp"^ + cos^ 9 j 

1 -|- 


A. 


p^ + a? cos^ 9 


dt — a sin^ ddcf) 
1 + l-a^ 


(107) 


where P = y and 


A„ = - 

^ 2 


+1 


— + a^p^) + p^ - 2Mp + 

o 


-(p^ + a^p^) + p^ — 2Mp + 

3 


-.2 


+ AP\l + -a?Y 

3 


( 108 ) 


We have started by taking p = R(t)r with ^ = y^, for which the equivalent 
differential form is 


dp 


— pdt + R dr 
o 


—^dt + R dr 

p2 


(109) 


For coming to our hnal conclusion we take the following transformation in¬ 
stead of (109), 

P 

dp=—dt + Rdr (HO) 

where P and R are the same as what dehned before and Zp is given by (89). 
Inserting (110) in (107) leads to the hnal form of the line element 
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ds'^ = (p^ + cos^ 9) 


dO^ 


1 + cos^ 9 


P(1 + P(1 + 4a^)((it — a sin^ 6*(i0) 

R{t)dr + — h^dt -^^- — 


(r^ + a?) 


sin^ 9 


cos^ 9 
2 


A. 


/l + fa^ cos^ 6^^ 

adt — (p^ + a‘^)d4> 

y p2 + cos^ 9 J 

1 + f 


A. 


p^ + cos^ 9 


dt — a sin^ 9d(() 


1 2 


A^2 


1 + fa 


( 111 ) 


Evidently, from (111) we have 
A.- 


9tt 


s.u^ e (1 + f cos^ e) - P^(l + A„^)* 


/A, 


(p^ + cos^ 6*)(1 + f a^)^ 


( 112 ) 

It can be checked that (112) may be equal to zero for some values of p very 
close to (6). In addition (111) gives 


9 rr 


{p^ + a^ cos^e)R^ 


( 113 ) 


which is hnite for the whole range of p > 0. In order to hnd the event horizon 
we need to hnd This can be done by using (110): 


= gPP + 

^ Wzi 

Inserting (16) in (114) gives 


p2 p 

“ 2^rTV^ gp^ 
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9" = 


, P^(l+4ab^siPe 
P (p2+a2)(l+^a2 cos^ d) 

COS^ 9) 


( 114 ) 


(115) 


Since Ap > 0 for p > 0, then is hnite in the whole range of p > 0. This 
evidently shows the obtained metric is free from any event horizon. The 
intrinsic singularity remains the same as (3), i.e., = a?. Therefore 
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the criterion of our result with respect to the Kerr and Kerr-de Sitter met¬ 
rics is the absence of event horizon. One may argue that the nature of the 
singularity at the event horizons of Kerr spacetime is of coordinate type and 
may be avoided by making a suitable transformation to a new coordinate 
system.Thus we are not faced by a serious problem then what is the signif¬ 
icance of the new obtained results? The point is that there is no guarantee 
the new coordinate system being eligible to serve as the comoving frame.Our 
results are regular in a common coordinate system which its ability to serve 
as a comoving frame had been conhrmed. 
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Abstract 

We present our derivations for Kerr-deSitter metric in a proper co¬ 
moving coordinate system. It asymptotically approaches to the deSit- 
ter metric in Robertson-Walker form. This has been done by consid¬ 
ering the stationary axially-symmetric spacetime in which motion of 
particle is integrable. That is the Hamilton-Jacobi and Klein-Gordon 
equations are separable. In this form it is asymptotically consistent 
with comoving frame. 

PACS: 04.20.Jb , 04.70.Bw , 98.80 Hw 


1 


1 Introduction 


Observational evidences reveal that evolution of our universe is dominated 
by a positive cosmological term at this epoch. So we may assume the metric 
of the universe is equivalent to the deSitter metric within one percent er¬ 
ror [1-6]. We have shown the deSitter metric in the form of Schwarzschild 
coordinates is not eligible to serve as comoving frame while in the Robertson- 
Walker form it is all right [7]. So the solution of the Einstein equations that 
asymptotically approach to deSitter metric in the static form are not con¬ 
sistent with comoving frame and should be revisited. For the Schwarzschild 
deSitter case the consistent form is [8] : 

ds^ 

P 
Ap 

In the present work we intend to perform similar calculations for the case of 
Kerr space.The generalized Kerr metric in the presence of A which asymptoti¬ 
cally approaches to the static deSitter metric had been found by Carter[9,10]: 


= ^dt‘^ — exp{2\l^t) + r‘^{d9‘^ + sin^ 9 d^^)] 
V 3 Ap 



ds^ = (r^ + a^cos^d) +—y+ 

_Ar l-F^COs2d_ 

sin^ d(l^ cos^ d) adt — {r'^ + a^)d(j) ^ 

(r^ -I- cos^ d) 1-1- ^ 

dt — a sin^ 9d(() ^ 

(r^ -|- cos^ d) 1 -|- ^ 

A^ = ——r‘^{r‘^ + a‘^)+r‘^ — 2Mr + a‘^ (2) 

3 

Calculations of the Riemann invarianti?“^'^'^i?afecd for the Kerr metric , which 
can be obtained from (2) by substituting A = 0, reveals that it has one 
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intrinsic singularity and it occurs when + cos^ 6 = 0. This leads to 
r = cos 6 = 0 which occurs when [11] 

x‘^ + , z = 0. (3) 

The surfaces of inhnite redshift of Kerr metric are at 

r = Ts^ = m ± {m^ — cos^ 9)^ (4) 

and it has two null event horizons if < w? , 

r = r± = m ± {m^ — 0^)2 (5) 

The generalized Kerr metric (2) has an intrinsic singularity as (3) ,and two 
surfaces of inhnite redshift and null event horizon very close to (4) and (5) 
respectively 


r = = m ± [m 


' cos^ 6{1 + sin^ 9 )] 


( 6 ) 


r = r± ^ m ± [m^ — a^(l 



( 7 ) 


There are also an event horizon and surface of inhnite redshift at very far 
distance, r close to ^A/d. 

Derivation of the Kerr metric and the generalized Kerr solution is based 
on a method studying the separability of D’alambertian associated to the 
wave equation and integrability of its geodesic equations[9]. This separability 
depends not only on the geometry but on the particular choice of coordinates 
x°'{a = 0,1, 2, 3) and in terms of chosen coordinates this depends on the form 
of covariant tensor gab dehned by 


= Qabdx'^dx^, 


( 8 ) 


but in a less direct manner than on the form of the contravariant metric 
tensor dehned by the inverse co-form 



= 9 


^ab 


d d 


(9) 


3 


dx°‘ dx^ 



The Klein-Gordon equation can be expressed in terms of the components of 
contravariant metric tensor and the determinant 

g = det{gab) = det(5(“^) ^ (10) 

The Klein-Gordon equation can be expressed in the form 

Standard separability takes place if substitution of wave function by the 
product T = riit/’i of single-variable functions = 0,... ,3) of x\ causes 
the left-hand side of (11) to split up into four independent single-variable 
ordinary differential equations.We are going to use this method for deriving 
our new results. 


2 Derivations 


For the generalized Kerr metric one starts from the co-form 




d 


¥s) - 


A 


M L 


Z- + 0 — 


l2 


+ 


d 


1 


^ A. 


dr 


Ar 


Z- + 0 — 


( 12 ) 


where A^, are functions of p = cos6' and A^, are functions of 

r only, and the form of conformal factor Z remains to be determined. Now 
we are looking for a Kerr solution that asymptotically approaches to (1). It 
is more convenient to work in the coordinate system where p = R{t)r is the 
radial coordinate. Then (1) becomes 
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The determinant of gab for (13) is equal to —that leads to ^/^ = and 
its corresponding form for obtaining the wave equation becomes 


A 

ds 


2 








(14) 


where Ap is the same as given by (13). Being asymptotically consistent with 
(13) and (14), instead of (12) we start with the following form 


ds 


1 

Z 

1 

z 


A, 


A. 


'A' 


+ 


1 


'z- + 0 — 


+ 


P^ + z- + o — 


(15) 


where P = \j fp^ and the others are the same as (12). According to (15) the 
contravariant components of the metric are 


P-iJ- — — 


Qfj 


Qp^ 


A.- 


'7 2 72 

_ zl£— 


g.. = 


gP = 


z 

QfiZfj, 


,9^^ = - 

QpZp 


nPP = 
1 y 




PZ, 

ApZ 


\gP^ = 




PQp 

ApZ 


The determinant of gab corresponding to (16) is 


det(p“') = 


{QpZp — QpZp 


Since (det(p“^)) = det(pafe) = g ,(17) gives 

Z^ 


^9 = 


^pQ ^ ^pQ p\ 


(16) 


( 17 ) 


(18) 


In order to achieve the separability of the Klein-Gordon equation, we must 
impose a restriction on Z so that Z~^p—g to be unity. By considering (18) 
we lead to choose 


Z 


ZpQn — ZnQr 


(19) 
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To complete the separability, the conformal factor Z must split up into the 
sum of two parts each depending only on one variable. This requirement will 
be satisfied if and only if 

dZpdQ^ dZpdQp _^ ( 20 ) 

dp dp dp dp 

Without loss of algebraic generality we may satisfy (20) by taking Q’s to be 
constant. Thus replacing Qp and Qp by constants Cp and Cp respectively, 
we come to the basic separable canonical form for (15) 


ds 


CpZp — CpZp 


CpZp — CpZp 


A / <9 V 1 

^[dpj ^ Ap 


Z- + C — 


n 2 


+ 




d d d 


n 2' 


The covariant metric corresponding to (21) is 


ds^ = {CpZp-CpZp) {^ + 


dp — 


P{C\dt-Z^d<l>) 


n2 ■ 




CpZp — CpZp 


( 21 ) 


{A„(C,* - Z,d^f - A,(C^dt - z^d4>f} (22) 


We may derive the solution corresponding to the cannonical form (22) by 
working in terms of the natural tetrad as follows 


u 


u 


u 


u 


( 1 ) 

( 2 ) 

(3) 

( 0 ) 


CpZp-CpZpY 

A. 


CpZp-CpZp] ^ 


A, 




,CpZp — CpZp ^ 


A, d 


^CpZp — CpZp ^ 


dp — 


P{Cpdt - Zpdcj)) 

CpZp — CpZp 


dp 


{Cpdt — Zpdcf)) 
{Cpdt - Zpd(f)) 


(23) 

(24) 

(25) 

(26) 
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The four unknown functions Zp, Zp, Ap, Ap should be determined in terms 
of Cp, Cp, and P = 

From (23)-(26) we have 


dp 


dp 

dcj) 


CpZp — CpZp 






A 




CpZp — CpZp 




C„a.l3) 


- C,Z^) ^Ap(C^Zp - C,Z^) 


(27) 

(28) 
(29) 


dt 


ZpOO^^'> 


ApiCpZp - CpZp) 




Ap{CpZp-CpZp] 


(30) 


Derivatives of tetrads (or in other words the curl of ca^s), which are 1-forms, 
are themselves 2-forms du^ as follows 


dJ^^ = 




C^ 

2Z 


lA 


V') AcnW- 


P' 


PC,Z' 


PA' 


ZAr 


2ZJZA, 2A,JZA 


pn 7' 

^(3) 


ZjZA, 



cnW Acn® 

(31) 

(32) 


A bJ 


(3) 





bJ 


( 1 ) 


A bJ 


(0) 


C,Z'^ 

2Z 


IA 




Acn(°) + 


(33) 


(34) 
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where primes stand for derivatives with respect to the corresponding variable 
and Z is given by (19). 

By considering (31)-(34) and the first Cartan equation for zero torsion: 

A (35) 

We have computed the 6 connection 1-forms where 

ddfiu ( 36 ) 

and in a basis that is a constant (36) reduces to 


The results are as follows 


^ (0) 


u 


( 1 ) 

( 2 ) 


U 


( 1 ) _ 
(3) 


U 


( 2 ) 

( 0 ) 









2ZjZAr 


= -a; (d) = 


(3) 

2Z 


I I 

^ 2Z,fZA, 


■■U 


( 2 ) _ 



A 


+ 


2ZJZA. 



(38) 


(39) 


(40) 


( 41 ) 



u 


( 2 ) _ 
(3) - 


UJ 


(3) 

( 0 ) 




+ , 

Z 2Z,/ZA 





(42) 


(0) ^ ^ K^(i) 

(3) 2Z \ Z 


2Z \ Z 


2ZJZI\ 


^ " ' ’(3) (43) 


The curvature forms are defined as 


and according to the second Cartan equation we have 


(44) 


9'V = a 


("t) 


(45) 


By computing using (38)-(43)and inserting them in (44),6'^^s are ob¬ 

tained as follows 


9\ = 9\ = 


K _ 

2Z 4ZA, 




V 


c.z'A'p 

2Z2 


2^2 


+ 


3 (c„z;)'' 

4Z3 


u 


( 1 ) 


Aa;(°) + 


/a; 

1 4Z2 VAp 


/A A 


4Z3 







/CpZ 



a;« Ao; 


( 0 ) _ 


2Z2 
^C,Z" 


ApAp 


3^p^;^p^; /a.a 


4Z3 


p^p 


d.<‘)AidW + 


PI -as^./A _ AAgA,/A) ^(0 ) aJ 3) + 


2Z2 V Aa 


4Z3 


- CpZ;a;, ^ 3CpZ;CpZ;Ap - 


4^2 


4Z3 


A, 

a;(2) Aa;(3)_^ 
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CpZ'^ 


/A 


/A 




Ao;®^ 


2Z.[zKr 


A a; 


p'a; 


(3) _ <^p^p 7^ (1) 


a;'"' Aw' 


p-c,z; pc,z; 3 p(c,z;: 

Z2Ap 2Z2Ap 4Z3Ap 


PC,Z'^^', 

2Z2A2 


PA" 3PA' .. 

- - H-^ w'°' A + 

2ZA2 ^ 4A3Z 


p'c,z; /a; 


WC,Z'f,Z'^ /a; 


‘IZ^Z^p 

PC,Z' 

2Z,fzA, 


2ApW 2^Ap 


PCpZ'^^'p 
4A,Z2 ^ 


^ a;(2) Aa;(i) + 









, 2Ap^ZApj 


w« Aw® 


V)Aw( 


PA* 7' 

A w(3) + 



^w(°) + 




2Z.[zK„ 


Cj^Z' 


2ZJZAr 




/A 


V (0) I PP-f^Z^ ^ C/j-Zp 
Z 2Z^p 2Z 





( 2 ) 

2Z \ Z 


2ZjZ^r. 


e\ = 


c,z^ 


CpZ^ 


3{CpZ'^fAp 

4Z3 


w(2)Aw(°) + 
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2Z 


CpZ'^ 

2Z 


IA„ 


A + 

Zj 


a;« - 


+ 


A,A„ + 




Aa;(3) + 


‘iC,Z'f,Z' \ 

4Z3 


Ao;® + 



A u 


(3) 


c'p^; 


/A 




A u 


(0) 


+ 


-3(C,Z; 


/)2p 

pj 


P 

a" 


P L 


4^3 

-KCpZ^ 


c,z;p c,z'p' 


CpZ'^PA- 


2Z2 


2Z2 


4Z2A, 


Aa;(2)^ 


'pfP 


4Z3 


c,z;p c,z'p' 

~r ^ „o 


CpZ'PK 


2Z2 


2Z2 


4Z2A, 


a;W A a;(2) + 


CpZ'^P 



CpZ'^ 

2Z 


%(i)Aa;(2)+ 



A u 


2ZjZAr 


( 2 ) 


+ 


^ (1) , ^/^^p 

Z 2Z 





2ZjZA, 


A 





PA' 


2ZJZA, 2A„JZA 


2Z 


/A 




+ 
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9^ = 



u 


(3) 


A 


( 47 ) 


a;W Aa;« + 



( 0 ) 


A u 




4Z3 


a;«Aa;(2) + 


ry! nr^ 7! 71 


2Z2 


4Z3 


ijj 


(0) 


A uj 


( 2 ) 



PA* 7' 

^ ^(2) 


2ZjZA, 


3{c^zyp c,,z'!P^ 


4Z3 


+ 


2^2 


u 


( 0 ) 


A + 


3C^Z'f,Z'^P 

4Z3 




/A 

A 




2ZjZAr 


A' 


2JZA 


+ 




Aa;(3) + 

2Z \ Z 


CpZ'p 

2Z 


IA 




PA* 7' 

^ ^(3) 


C'p^; 


2ZjZAr. 


A w 

Zj 


(0) 
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2Z 


PC,Z'^ 


1 ,,,( 0 ) 




PA' 


2ZjZAr, 2A„JZA 


a;« + 



,(o) _ 

2ZjZA„ 


e\ = 




(48) 


( 1 ) 


3C,Z'^C,Z>^P 


4^3 


lA 

A 


^^(0) 




/A, 


2Z 


IA 




A u 


( 1 ). 


P' 


pc,z; 


PA' 


ZAp 2Z,^A, 2A,,fZA 


pn 7' 

,^(1) A a;(o) - A a;(3) 


'CpZ"^Ap ^ CpZ'^A'^ 


py ^^p/ 
^{CpZ'PAp 


ZJZA, 


2^2 


4Z2 


UJ 


( 1 ) 


P ( CpZ'^Ap CpZ'^A'^ 
Ap \ 2^2 4Z2 


4Z3 
3{CpZ'^rAp 




4Z3 


a;(°) A a;(2) + 



PC,Z'^ 


2ZJZA, 


a;(°)Aa;(2) 


+ 


a;(2)Aa;(3)^ 
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'P'C,Z'^ 



PC.Z'^A'^ 3C,Z>^C,Z>^P\ 

AZ^Ap 4Z3 ) ^ 

PCpZ'^A'^ 3CpZ'^CpZ'^P\ 


Aa;® + 


4Z2A, 


4Z3 




PC,Zl 


ZJ2ZAr 


PCpZ'^ 



,^(2) A ^(3) + ^ 

2Z 





e\ = 



Ao;®^ 


(49) 


A u 


(0) 
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2^2 


4Z2 



(3) 


+ 




Kc,z'?^, 


2Z2 


4Z2 


4Z3 


^(0) /\ ^(3) 







A u 


n 7' 

( 3 ) _ '^P^P 


lA 


Aa;(°) 



P'C.Z’, 

2Z2 


PC.Z'^K 

4Z2A„ 




4Z3 


A a; 


(3) _ 


PC.Z’p 




"a;« Ao; 


( 2 ) 


+ 


pc,z; 


2ZJZA, 


A a; 


( 2 ) 


+ 


^ (1) _ CpZ'^ 

Z 2Z 



PC,Z'^ 


2ZjZAr 


■u 


(3) 


A 


CpZ'^ 

2Z 


PC,Z'^ 


/A, 


a;(°) + 


PA' 


2ZJZAr, 2A„JZA 


2Z 


IA 




+ 



2Z\/Z An 


A 


( 50 ) 
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Aa;(3)_ 


06 _ n2 

U 9 U Q 



, C,Z''A, 

I /-V r-zO I /-V /-TzO I 


2Z2 


, , 3C,Z'^C,Z'^ 


2Z2 




4Z3 


4Z3 





a;(°)Aa;(3) + 



a; 


( 2 ) 


A u 


A 




4^2 


+ 


3C,Z’^C,Z'^ 


4Z3 


a;(2) Aa;(o)^ 

a;« Aa;W- 




+ 


PC,ZIA'^ 

4Z2A2 


3PC,Z'^C,Z'; 

4Z3A. 


u 


(0) 


A a; 


( 1 ) 



^ a;(2) ^ ^(1) ^ 



PC,Z'^ 


PA' 


2ZjZAn 2A,JZA 


u 


( 1 ) 


A u 


( 0 ) 


+ 

Aa;(°) 


.a;(2) Aa;(o) + 
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CpZ'^ 


2Z 



lA 





Z^,(3) 

2ZjZA„ 


+ 


A 


3 Riemann and Ricci Curvature Tensors 

The ”00” componentof the Ricci tensor is equal to 


Rqo — Rnin T Rmn T 


030 


(52) 


According to (45) and (46) and by considering the coefficient of A 
1 


in the 9^q, will be 


pi _ 

-'^010 ~ 






{C.Z'VA, 3{C,Z>fA, 


2Z Z2 
iCpZ'^?A, 
4Z3 


A* 7" A 

^p ’^y^p^pj ^p 

r-rO A r-rO 


2^2 

PP" 2PP'A 


ZA, 


+ 


p2\ii 
p^p^ ^ ^p 

2ZAI 


P^C„Z'A[ 


Z2A2 


ZAl 

P^A'l 

ZAl 


Z^ 

P + p"Cpz; 


4Z3 


2Z2A, 


P\CpZ^ 

Z^A. 


/\2 


P'^ 

ZA, 


+ 


2PP'CpZ'^ 

Z‘^A„ 


(53) 


Ro 2 o conies from the coefficient of A in the 6'^g in (47), 


TDZ _ 

■^020 “ 


CpZ'pA'^ 

4Z2 

Cpz;p^ 

4Z2A. 


CpZ'^Ap 

2^2 


{CpZ'PAp , {CpZ'fP 


2Z3 


+ 


2Z3A, 


CpZ'^PP' CpZ'^P^A'^ CpZ'^A'^ 

A r-r^ \ O 


2Z‘^Ar 


4Z2A2 


4Z2 


(51) 
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(54) 


{c,z^ 


'^2A 


P ^ 




4Z3 4Z3 

and the coefficient of A in the 6^^ ,(48) ,gives i?Q 3 Q as 

(C,Z^ 


idS _ 

-^030 “ 


C.Z'^PP' C^Z'^P^A’^ 

I i r-zO A r> 


.yp2 


2Z^A^ 

C,Z'^K 

4Z2 


4Z2A2 

7/\2 


2Z^Ar 


c,z';p^ 

2Z^A„ 


+ 


{C.Z'VA, , {C,Z'YA 


4Z3 


+ 


4Z3 


4Z2 


, {C.Z'SA 


4Z3 


+ 


4Z3 


(55) 


Inserting (53)-(55)in (52) gives 


A" 




c,z;a, 


2^2 


+ 


ic,z, 


'^2A, 


ic,z, 


'^2A, 




'^2A, 


CpZ'^A, 

2^2 

c^z;p‘^ 

2Z2A„ 


2Z2 2Z3 




2Z3 

PP" 2PP'A' 


2Z3 


2Z2 


2Z3 


ZA, 


+ 


ZA2 




4Z2A2 


2ZA2 


ZA3 


P'" PP'CaZ' , , 

+ ^ (56) 


ZA, 


Z2A, 


Next, the ”01” component of Ricci tensor is 


-Roi — -^021 + 


031 


(57) 


where P^ 2 i comes from the A factor of 6“^^. 


r)2 _ 

-^021 “ 


c,z;p ^ {c.z'Y ^ 


2^2 


4Z3 


P ^ iC,Z^ 


M2 p 


4Z3 


(58) 


and Po 33 is equal to the A factor of 9^q 


JDO _ 

■^031 “ 


Cpz;p 

2Z2 


(C',z;)2p {c.z'Y^p 

' i f-jo ' 


4^3 


4Z3 


(59) 


Thus from (57)-(59) Pqi is 


-Roi — 


c,z;p ^ {c.z'Y^ 


Z2 


2Z3 


P ^ ic,z^ 


M2 p 


2Z3 


(60) 
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Ro 2 is equal to 


Ro2 — Rqu + -^032 ( 61 ) 

where RI 12 comes from the A factor of 9^q in (46) and i?Q 32 the 
A factor of in (48). Since both are zero, we have 

Ro2 = 0 (62) 


The ”03” component of Ricci tensor i ?03 is 


Ro3 — -RqIS + -^023 
while i ?033 is the A factor of 9^q in (46) 


^013 — 2^2 




4Z3 




CpZ'^C.Z'^ 

4Z3 


and Ro 23 is the A factor of 6*^0 (47) 

ryn 'VI 'vi 

r .—^— n-nZ;„n-,,,z; 


p2 _ /A A -u ^ P ^ P /A A -u 

-6^023 “ 22’2 \^P^P~^ q^’S a/^o^u + 


‘■p^p 


CpZ'^C.Z'^ 

4Z3 


Putting (64) and (65) in (63) 

R 

-^03 — 2^2 V ^p^p ' 2Z^ ^ ^p^p 
Next diagonal component of Ricci tensor ,”11” ,is 


_ (j 2,” 


Rn = R 


101 


7?i2i + 7?^ 


131 


where 


pU _ 

-^101 “ 


-R\ 


010 


and Rf 2 i comes from the A a;h) factor of 9“^^ in (49) 


ApA^ 


ApA^ 


(63) 

(64) 

(65) 

( 66 ) 

(67) 

( 68 ) 


R 


2 

121 


c,z;a, {c.z'^fA, c,z;a, 

2 Z2 ^ 2Z3 2^2 

CpZ;a; c.z'^pp' {c,z;yp^ 

4Z2 ^ 2Z2Ap 4Z3Ap 

jC.Z'^fP^ 

4Z3A, 


C,Z'A'^ (C.Z'fA, 
4^2 ^ 2Z3 ^ 

CpZ'A'P^ 

4Z2A2 


( 69 ) 
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Rf^i may be obtained by considering the coefficient of A in 9^^ in 
(50) 


c,z';a, 


4^2 2^3 4Z2 


{C.Z'^fA, , (C'pZ;)2A, , C.Z'^PP' {C.Z'^fP^ 


2 Z 2 A, 


4Z3A, 


c,z;a;p2 (C,z;)2p2 
4Z2A2 ^ 4Z3Ap 


Inserting (53) and (68)-(70) in (67) gives 


2Z ^ 2Z2 ^ 

c,z';Ap pp>‘ 
2^2 ^ ZA^ 

p2A'; ^ p^A'^ 
~2ZAl ^ ZA3 


, iC,Z'^?A, 

~r /~w f-zo ~r 


2^3 

2PP'A' 


, iCpZ'^?A, c,z;a, c,z;a; 

^ 2Z3 ^ 2 Z 2 ^ 2^2 

c,z;p2 (c,z;)2p2 c,z;p2a; 

2Z2Ap ^ 2Z^Ap ^ 2Z2A2 


C.Z'^PP' {C,z;fp^ 

Z^Ap 2Z^Ap 


Also we have P 12 = P?o 2 + -^ 132 ; where P°q 2 comes from the 0 ;^°^ factor 

of and Pf 32 from the a;*^3) factor of 9^-^ .Both of these factors are zero 
so we have 

7?i2 = 0 (72) 

The ” 13” component of Ricci tensor is 

Pl3 = Pi03 -^123 ('^3) 

where P^gg is the Aca*^^^ factor of 9^i and P 323 comes from the Aca^^^ 
factor of 9"^ I 


c,z; 


c,z; 



C.Z'pCpZ'p 


[a; CpZ'pCpZ'p 

Ap + 4Z3 



C.Z'pCpZ'p 


[a; CpZ'pCpZ'p 

Ap + 4Z3 




Now from (73)-(75) we simply obtain 


Ri^ = i^,{CpZ; + CpZ';,) 
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The other diagonal component is -R 22 : 


R 22 — R%2 + -^ 212 + R 


1-232 


(77) 


Also we know 

-^202 = “-^020 ) -^212 = -^121 ( 78 ) 

The remaining term in (77) is R 232 which can be obtained from the coefficient 
of A in 9^2 from (51) 


po _ 

■^232 “ 


2Z 












2Z2 


Z3 


4Z3 




KC.Z'fP^ , {C.Z'fP^ 


AZ^Ar 


+ 


AZ^A, 


Xp i-Xp 

Putting (54),(69),(78),and (79) in (77) leads to 




'^2A, 


4Z3 


(79) 


R22 — 


CpZ;A, 


2^2 
A'! 


2Z 


+ 


Z2 

{C,Z'RA.. 


c,z';a, 

2Z2 

{C.Z'fP^ 


c,z>K 

2^2 


+ 


{C,Z'?A, 


4Z3 


2^3 


2Z3A, 


C,z;p2 c,z'^pp> 

' /-V r-70 A ' 


2Z^Ar 


Z^A, 


C.Z'^A'^P^ 

2Z2A2 




/ 'i2 p2 


2Z3A, 


(80) 


Last components of the Ricci tensor remained are R 23 and R 33 . The off- 
diagonal one, R 23 is dehned as 


R23 — R203 + R2 


1-213 


(81) 


in which i ?203 comes from the A factor of 9^2 7?2i3 from the 

A factor of 9^2 -Both of these factors are zero and we have 


R23 — 0 


(82) 


Finally the remaining diagonal component is 


R 33 — R 3 O 3 + 7?313 + R 


313 


^-323 


(83) 


where we have 


pO _ _pO 

-O-303 ~ -O-030 1 


pi _ p3 

-0-313 ~ -0-131 


p2 _ p3 

-O 323 ~ -0232 


( 84 ) 
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Inserting (55),(70),(79),and (84) in (83) we get 


-R 33 — 


2Z3 

2Z2A2 




c,z;a. 


CpZ';A, 


2^2 2Z2 

{C.Z'VA, 


2^2 


2Z 


2Z3 


{C^Z'^YA, 

2Z3 


+ 


(C'^z;)2p2 (C^z;)2p2 


2Z3A, 


2Z3A, 


+ 


iC,Z'^?A, 

2Z3 

c^z';p^ 

2Z^A, 


+ 


C^Z'pPP' 


It is easily obtained from (56),(71),(80),and (85) that 
-Roo + -Rii = 

and 


■{C,Z'f , {C,Z^ 


+ 




c,z; 


2^3 2Z3 

iC,Z'?A, 



p p _ ' ‘-‘p I 

-K 22 — -K 33 — - ::r^ -r 




2Z3 2^3 Z2 

Einstein vacuum field equation can be written as 


p 


Z2A, 


(85) 


( 86 ) 


(87) 


Rfi, = (88) 

From the ”03” component of the held equations (88), and (66) we can infere 
that Zfj^ and Zp are quadratic functions of jj, and p ,respectively. In applying 
the suitable boundary conditions and in comparison with Carter’s results[12] 
we may choose 


^P 

= A{p^ + a^) 

(89) 

^p 

= Aa{l — p?) 

(90) 

C'p 

= A 

( 91 ) 

c^p 

= aA 

(92) 


where A and a are constants. (89) and (90) imply all of the off-diagonal com¬ 
ponents of the held equations to be satished automatically. Also this leads 
to the vanishing of the right hand side of (86) and (87) which means that 
all the diagonal components of held equations are not independent of each 
other. From the fact that Zp and Zp are quadratic and using (60),(86),(87) 
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in (71) and (78), -Rn and R 22 take the simpler form 


— 


2Z 2Z2 




2^2 


2PP'K 

2A2 

c.z'^pp' ^ c , z ; a ; p 2 


Cj^ 

2Z2A. 


p2A" 

2ZA7 


+ 


Z2 

ZA3 


2Z2 


+ 


P'^ 

Z^r 


R 22 — 


Z^A^ 

C,Z''A, 

2Z2 


2Z2A2 


CpZ>^K 

2Z2 


CpZ'K 

2Z2 


+ 


C'p^^'A, 


2Z2 


2Z 


C'^z;'p2 ^ c^z'^pp’ 


2Z‘^Ar 


Z‘^Ar 


gp^;A;p2 

2Z2A2 


From (88) we have 


Pii + R 22 — 2A 

Putting (93) and (94) in (95) gives 


a;' 


A( 


+ 


PP" 2PP'A' P^A" P^aC P'" 


+ 


PP" 


( 93 ) 


2Z 2Z ' ZAp ZAl 2ZAp 


+ 


ZAl 


+ 


ZAr 


= 2A 


From (89)-(92) and (19) we have 

Z = A^{p^ + 


(94) 


(95) 


(96) 


(97) 


Multiplying both sides of (96) by (97) gives 

A" A" PP" 2PP'A' P^A" P^A'l P'" 

2 2 A^ A2 2A^ A3 A^ “ 

2AA2(p2 + aV) (98) 


Evidently (98) is separated to two parts ,one a function of /i only and the 
other a single-variable function of p merely.So we can write 


^ + 2Aa^A^p^ = C 
A" PP" 2PP'A' 

_P I _ _ _P 

2 A, A2 


p2A" P‘^A'1 P'^ 

- - H- - H- 

2A, ^ A3 ^ A, 


(99) 

2AAV + C' (100) 


23 





where C* is a constant to be fixed.On the other hand (99) easily shows that 
has a quartic form.Consistency with the boundary conditions and the 
generalized Kerr metric (2) implies the following form 

A^ = A2(l-/i2) + (101) 

This means that in (99), C is fixed by 

C = (102) 

Using (102) and integrating (100) with respect to p gives 


A' PP' P^A' 

_^ _ _ _|_ _r 

2 A^ 2A2 


2A .2 3 

O 


(A„2 _ ^ ^ 


(103) 


D is another constant of integration that should be fixed. By another in¬ 
tegration of (103) with respect to p and fixing D = —MA^ and the new 
constant of integration by to satisfy the initial conditions we come to 


Ap — — A — — (p^ + <A p^) + p^ — 2Mp + (104) 


It can be noticed that the right-hand side of (104)has the same form of Ap 
for the generalized Kerr metric in (2). Eq.(104) has two solutions 



The acceptable solution for the large distances would be the plus sign. The 
field equations cannot fix A, but by imposing the condition that the variable 
p should asymptotically have the same role as an azimuthal angle, we find 

l + fa2 
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4 Conclusion 

We may summarize our results in the form of line element as 


ds^ = 6) 


de^ 


1 + cos^ 9 


P{1 + ^a?){dt — asirr 6d(j)) 
^ cos^ 9 


A. 


sin^6' 


9l + cos^ 9\ 

adt — (p^ + a^)d(l) 

yp"^ + cos^ 9 j 

1 -|- 


A. 


p^ + a? cos^ 9 


dt — a sin^ ddcf) 
1 + l-a^ 


(107) 


where P = y and 


A„ = - 

^ 2 


+1 


— + a^p^) + p^ - 2Mp + 

o 


-(p^ + a^p^) + p^ — 2Mp + 

3 


-.2 


+ AP\l + -a?Y 

3 


( 108 ) 


We have started by taking p = R(t)r with ^ = y^, for which the equivalent 
differential form is 


dp 


— pdt + R dr 
o 


—^dt + R dr 

p2 


(109) 


For coming to our hnal conclusion we take the following transformation in¬ 
stead of (109), 

P 

dp=—dt + Rdr (HO) 

where P and R are the same as what dehned before and Zp is given by (89). 
Inserting (110) in (107) leads to the hnal form of the line element 
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ds"^ = (p^ + cos^ 9) 
+ R{t)dr + 


sin^ 9 


d9^ 


1 + l-a^ cos^ 9 


P(1 + 4a^) P(1 + ^a‘^){dt — asin^ 9d(j)) 

-^- dt -^- 


(r^ + a^) 


p2 + cos^ 9 
2 


A. 


/1 -|- f cos^ 

adt — (p^ + a^)d(l) 

\p^ + a? cos^ 9 J 

+ 

co|> 

bo 

1_ 


A. 


p^ + cos^ 9 


dt — a sin^ ddcj) 


1 2 


A^2 


1 + fa 


( 111 ) 


Putting a = 0 in Eq.(lll) leads to Eq.(l) as it has been intended. Kerr- 
deSitter metric in this coordinate system is eligible to serve as comoving 
frame. 


References 

[1] A.G.Riess et al,AJ,116,1009(1998) 

[2] S. Perlmutter et al,Nature,391,51(1998) 

[3] B.P.Schmidt et al,AP 0,507,46(1998) 

[4] P.M.Granavich et al,AP J,493,L53(1998) 

[5] B.Leibundgut et al,astro-ph/9812042 

[6] A.G.Riess et al,AP 0,536,62(2000),Astro-ph/0001384 

[7] Amir H. Abbassi and Sh. Khosravi,Gravitation and Gosmology,vol. 
6(2000),No. 4(24),pp.341-343 ;gr-qc/9812092 

[8] Amir H. Abbassi,OHEP 04,011 (1999) ;gr-qc/9902009 

[9] Brandon Garter,Les Houches 1972,pp.59-214 

[10] G.W.Gibbons and S.W.Hawking,Phy Rev D,vol.l5,No. 10(1977)2738- 
2751 


26 



[11] R.d’Inverno, ’’Introducing Einstein’s Relativity”, 
Univ.Press, 1992,ch. 19 

[12] Ref. 9,page 99 


Oxford 


27 



